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ON UNIVERSAL COVERING OF ALGEBRAS
(MASAHISA SATO)
ABSTRACT. Let $R$ be an algebra over algebraically closed field. We assume that $R$ is of
finite representation type. In this report, we show the construction of a universal Galois
covering of an algebra and give generators of a Galois group in terms of walks of a quiver
concretely. The attempt to get a universal Galois covering was tried for algebras whose
quivers have no oriented cycles. But there is no theories for algeras whose quivers have
oriented cycles. The outline of the theory stdying a universal Galois covering of an algebra
will be stated in this report. We will know that generators of a Galois group corresspond
to some homotopies we give on a quive of an algebra with relations. Our main concern is
how to define such homotopy relations that determine these generators as homotopies.
1. Auslander-Reiten quiver
$R$ $K$












1.1. . $\Gamma$ $\alpha$ : $aarrow b$ $\alpha^{-1}$ : $barrow a$ $\Gamma$ walk
$\alpha_{1}\ldots\alpha_{n}$ ( $\alpha_{i}$ \alpha i-l ) walk
$\sim H$
(1) $\alpha$ : $yarrow z$ $\Gamma$ $\alpha^{-1}\alpha\sim 1_{y}$ ’ $\alpha^{-1}\alpha_{H}\sim 1_{z\text{ }}$
(2) $\Gamma$ $y$ Auslander-Reiten
$\sigma\alpha_{1}\nearrow^{y_{1}}\backslash \alpha_{1}$




(3) $v_{H}\sim v’$ $wv_{HH}\sim wv’,$$vu\sim v’u$ .
$\Gamma$
$x$ $x$ $x$ walk (\Gamma , x)
$\prod(\Gamma, x)$ walk
12. . $\Gamma$ $\tilde{\Gamma}$ $\Gamma$ $x$
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(1) : $\tilde{\Gamma}$ $x$
(2) $\tilde{\Gamma}$ : $w$ : $xarrow\cdotsarrow y$ walk $[w]$ $w$
$\alpha$ : $yarrow z$ $\Gamma$ $(\alpha, [w])$ $[w]$ $[\alpha w]$ $[w]arrow[\alpha w]$
(3) Tbanslation $\tau$ : $w$ : $xarrow$ . . . $arrow y$ walk $y$ $[w]$
$y$ $\tau[w]=[(\sigma\alpha)^{-1}\alpha^{-1}w]$ $\sigma\alpha,$ $\alpha$
Auslander-Reiten
(4) $\prod(\Gamma, x)$ $\tilde{\Gamma}$ : $g$ walk $u$ : $xarrow\cdotsarrow x$
$w^{g}=[wu]$
(5) : $\pi$ : $\tilde{\Gamma}arrow\Gamma$ walk $u$ : $xarrow\cdotsarrow y$ $\Gamma$ $\alpha$ : $yarrow zl$
$\pi([w])=y,$ $\pi(\alpha, [w])=\alpha$ $\pi$
(6) : Auslander-Reiten $\Gamma$ A-R
( ) $|\Gamma|$
( $|\Gamma|$ , x)










. . . $arrow^{\beta}$ $1arrow^{\alpha}$ $2arrow^{\beta}$ $1arrow^{\alpha}2\underline{\beta}$ $1arrow^{\alpha}$
$0^{\gamma}$ $C$) $\gamma$ $0^{\gamma}$
(2)
2 2 2 2
$\alpha|\downarrow\beta\gamma$ $\alpha|\downarrow\beta\gamma$ $\alpha|\downarrow\beta\gamma$ $\alpha|\downarrow\beta$










(i) $Q$ \gamma 2 $=\alpha\beta=\beta\alpha=0$ (1),(2),(3) $Q$
(3)





(1) $e,$ $f$ $R$ \alpha $\in eRf$ $eJf=eRe\cdot\alpha$
$eJf=\alpha\cdot fRf$
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(2) $R$ (multiplicative basis) $n=$
$\dim_{K}R$ $\{\alpha_{1}, \ldots, \alpha_{n}\}$ \alpha i, $\alpha_{j}(1\leq i, j\leq n)$ \alpha i\alpha j $=0$
\alpha i\alpha j $\in\{\alpha_{1}, \ldots, \alpha_{n}\}$




$G$ $F$ $Q_{1}$ –Q
(1) $F(Q_{1})=Q$
(2) $I_{1}$ -I $I_{1}=ker(KQ_{1}carrow K\overline{Q}arrow K\overline{Q}/\overline{I})$
$KQ/I$- $M$ $KQ_{l}/I_{l}$ - $M_{1}$
$F(M_{1})=M$
$\ovalbox{\tt\small REJECT}$ : $K\overline{Q_{1}}/\overline{I_{1}}arrow KQ_{1}/I_{1}$ $KQ_{1}/I_{1}$ $G_{1}$ $F$
$G$ $G\cdot Q_{1}=\overline{Q}$ $G$ –Fl :
$KQ^{=}/\overline{\overline{I}}arrow K\overline{Q}/\overline{I}$ G-orbit ( $G$ $g$
$F_{1}^{g}$ : $K(g\overline{Q_{1}})/g(\overline{I_{1}})arrow K(gQ_{1})/Kg(I_{1})$ g$\text{ _{}G}g\overline{Q_{1}}$
$\{K(g\overline{Q_{1}})/g(\overline{I_{1}})arrow K(gQ_{1})/Kg(I_{1})F_{1}^{g}arrow\rangle K\overline{Q}/\overline{I}|g\in G\}$ amalgamated
sum
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$F\overline{F_{1}}$ : $KQ^{=}/I^{=}arrow K\overline{Q}/\overline{I}arrow KQ/I$ $G$ $G_{1}$









3.1. (1)2 $u,$ $v$ uni-equivalent $u=u_{1},$ $u_{2}$ ,
. . . , $u_{n}=v$ $u_{i}$ $u_{i+1}(i=1, \ldots, n-1)$
$u\approx v$
(2) $v:e_{1}arrow\alpha_{1}e_{2}arrow\alpha_{2}$ . . . $arrow e_{m+1}\alpha_{m}=e_{1}$ $v_{e;}$ $v$ $e_{i}$ $e_{i}$
$e_{i}arrow\alpha_{i}e_{i+1}arrow\cdotsarrow e_{m}arrow e_{1}\alpha_{n}arrow\ldotsarrow e_{i}\alpha;-1$
(3) $[u]$ $v$ : $e_{1}arrow\alpha_{1}e_{2}arrow\alpha_{2}$ . . . $arrow^{\alpha_{m}}e_{m+1}=e_{1}$ $[u]$ generating oriented
cycle
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(a) $[u]$ $w$ $w^{2}=0$ $e_{i}ve_{i}\neq 0$ $i(i=$
1, . . . , $m$ ) $e_{i}(RadR)e_{i}=K[v_{e_{i}}]$
(b) $v^{2}\neq 0$ $i(i=1, \ldots, m)$ $e_{i}$ (Rad $R$ ) $e_{i}=K[v_{e_{i}}]$
(4) $\{v_{1}, \ldots, v_{t}\}$ $R$ semi-generators
(a) $v_{1},$ $\ldots,$ $v_{t}$ ( generating oriented $cycle_{\text{ }}$
(b) $v_{i}\not\simeq v_{j}(i\neq j, i,j=1, \ldots, t)$ .
(c) $v$ $v_{i}(1\leq i\leq t)$ $v\approx v_{i}$
semi-generators
3.1. (1) \approx generating oriented cycle
(2)semi-generdors
. uni-equivalent generating oriented cycle $[v]$
$v$ uni-equivalent 3.1(3a)
$\dim_{K}e_{i}$ Rad $Re_{i}\leq 1$ $e_{i}$ (Rad $R$ ) $e_{i}=K[v_{e_{i}}]$
$(u_{1})_{e^{2}}$
$u_{1}$ generating oriented
cycle $u_{2}$ $0\neq(u_{1})_{e_{1}}\in K[(u_{2})_{e_{1}}]\cdot(u_{2})_{e_{1}}^{2}$
$(u_{1})_{e_{1}}=l_{1}$ $(u_{2})_{e_{1}}^{2}$




$s_{1}$ $t_{1}$ Rad $R$
$n$ Rad $R\neq 0$ generating oriented cycle $\square$
3.1. (1) $v_{e_{1}}$ : $e_{1}arrow\cdotsarrow e_{n+1}=e_{1}$ generating oriented cycle
$e_{1}$ Rad $Re_{1}=k[v_{e_{1}}]$ $e_{1}$ $e_{1}$ $u:e_{1}=e_{1}’arrow\cdotsarrow$
$e_{n+1}’=e_{1}$ $u$ $R$ $k[v_{e_{1}}]$ $u=v_{e_{1}}^{n}$
$n$
(2) $\{v_{e_{1}}, \ldots v_{e_{t}}\}$ semi-generators $v_{e;}(1\leq i\leq t)$
$R$ $[v_{e}.]$ $v_{e_{i}}(1\leq i\leq t)$
$v_{e_{i}}(1\leq i\leq t)$
(tree)
1. $\alpha O1\cdotarrow\gamma 0^{2_{\beta}}$ 2
(1) $\gamma\alpha=\beta\gamma,$ $\alpha^{2}=\beta^{2}=0$ , (2) $\gamma\alpha=\beta\gamma=0$ .
$\alpha,$
$\beta$ semi-generators
(1) \alpha \beta (2) \alpha $\beta$
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uni-equivalent $[v_{1}],$ $[v_{2}]$ $u_{1}\in[v_{1}],$ $u_{2}\in[v_{2}]$
\alpha : $e_{1}arrow\cdotsarrow e_{n-1}arrow e_{n}$ $t$
$[v_{1}]rightarrow[v_{2}]$ ( $[v]$ $[v]rightarrow[v]$ )
(1) $0\neq\alpha(u_{1})_{e_{1}}=(u_{2})_{e_{n}}^{t}\alpha$ , (2) $0\neq\alpha(u_{1})_{e_{1}}^{t}=(u_{2})_{e_{n}}\alpha$ .
$[v_{1}]$ $[v_{2}]$ equivalent( $[v_{1}]\sim[v_{2}]$ ) uni-equivalent
$[u_{1}],$
$\ldots$ , $[u_{n}]$ $[v_{1}]=[u_{1}]rightarrow[u_{2}]rightarrow\cdotsrightarrow[u_{n}]=[v_{2}]$
$\{v_{1}, \ldots, v_{t}\}$ generators
(1) $v_{1},$ $\ldots$ , v, equivalent
(2) $v_{i}(1\leq i\leq t)$ equivalent $v$ $e$ $v$
$g$
(a) $eRg\cdot v_{ig}\neq 0$ \alpha $eRg=\alpha K[(v_{i})_{g}]$
(b) $(v_{i})_{g}eRg\neq 0$ \beta $gRe=K[(v_{i})_{g}]\beta$
3.2. generators
3.3. . $\{v_{1}, \ldots, v_{t}\}$ generators $v_{1}$ : $e_{1}arrow e_{2}arrow\cdotsarrow e_{n}arrow$
$e_{n+1}=e_{1}$ $A_{\infty}^{\infty}$ :. . . $arrow e_{1}^{(0)}arrow e_{2}^{(0)}arrow\cdotsarrow e_{n}^{(0)}arrow e_{1}^{(1)}arrow\ldots$
$g(e_{i}^{(j)})=e_{i}^{(j+1)}(j\in Z)$ $F_{v}$ , : $A_{\infty}^{\infty}arrow v_{1}$ $Q_{[v_{1}]}$




$[v_{1}]$ $[v]$ $[v_{i}]$ $\tilde{Q}_{[v_{1}]}$
$v_{1}$ $F_{\{[v_{1}],[v]\}}$ : $Q_{\{[v_{1}],[v]\}}arrow Q$
$[v_{1}]rightarrow[v]$ $[v]$ $[v_{1}]$ equivalent








$R=KQ/I$ $Q$ walk \sim $Ql$
$\alpha$ : $e=e_{1}arrow\alpha_{1}e_{2}arrow\cdotsarrow e_{n}arrow\alpha_{n}e_{n+1}=e$ $e_{1},$ $\ldots,$ $e_{n}$ ‘ $\beta$ : $f=$
$f_{1}arrow\beta_{1}f_{2}arrow\cdotsarrow f_{n}arrow f_{m+1}\beta_{n}=f$ $fi,$ $\ldots$ , $f_{m}$
(1) $f=e$ \alpha \in I \beta \in I $\alpha_{H’}\sim\beta$ .
(2) $K[\alpha]=eRe,$ $K[\beta]=fRf$ $eRf\neq 0$




(b) $eRf=peRe(p\in eRf)$ $p$ ( $t$
$\alpha^{t}p-p\beta\in I)$ $\alpha p_{H}\sim p\beta^{t}$ .
(3) (a) $\tau$ : $yarrow z$ $Q$ $\tau^{-1}\tau_{HH}\sim 1_{y},$$\tau^{-1}\tau\sim 1_{z}$ .
(b) $v_{H}\sim v’$ & $wv_{HH}\sim wv’,$$vu\sim v’u$ .
1 $x\in Q$ ((Q, $I$ ), $x$ )
3.3. (1) $\prod((Q, I),$ $x$ ) generators
(2) $\prod((Q, I),$ $x$ ) $F$ : $K\tilde{Q}/\tilde{I}arrow KQ/I$ $\tilde{Q}$




3.4. separated radical . $R=KQ/I$ $Q$
$R$ $R$ separated radical
([1] )
$x$ $Q$ $Q_{x^{\text{ }}}\alpha_{1}$ : $y_{1}arrow x,$ $\ldots,$ $\alpha_{t}$ :
$y_{t}arrow x$ $x$ $Q_{x}$ $Q_{x}=Q_{x}^{(1)}\cup\cdots\cup Q_{J_{-}}^{(s)}$
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$Q_{x}^{(j)}(1\leq i\leq s)$ $Q_{x}^{(j)}$ $(1 \leq i\leq s)$
$\beta$ : $zarrow\cdotsarrow$ \alpha i : $y_{i}arrow x(1\leq i\leq s)$ \alpha i\beta $I$
$z$ Rad $Q_{x}^{(j)}$




$\alpha_{n}\ldots\alpha_{1}\not\in I,$ $\beta_{m}\ldots\beta_{1}\not\in I$
$\alpha_{n}\ldots\alpha_{1}\sim\beta_{m}\ldots\beta_{1}H$
(2) $\tau$ : $xarrow y$ $Q$ $\tau^{-1}\tau\sim 1_{y}$ ’ $\tau^{-1}\tau_{H}\sim 1_{z}$ .
(3) $v_{H}\sim v’$ A $\bigwedge_{D}$ $0\neg_{Bb^{i}}^{\Delta}\epsilon$ $wv_{HH}\sim wv’,$$vu\sim v’u$ .
1 $x\in Q$ $((Q, I),$ $x$ )
3.4. (1) non-separated radical
( ) walk walk
$\prod((Q, I),$ $x$ )
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